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1. Introduction

In the field of classical analysis, the most well-known and frequently used
inequality is Arithmetic mean-Geometric mean inequality, widely known as AM-
GM inequality. Cauchy-Bunyakovsky-Schwarz (CBS) inequality is a very powerful
inequality. It is very useful in proving both cyclic and symmetric inequalities. In
addition, Holder inequality found by Leonard James Rogers (1888) and discovered
independently by Otto Holder (1889) is a basic and indispensable inequality for
studying integrals and L, spaces, and is also an extension of CBS inequality [1, 2].
Carlson inequality, as one of important inequalities in higher mathematics, has deep
roots in many classical algebraic inequalities and famous geometric inequalities [5].

There are already a few articles on the relationship between these classical
inequalities. For example, Lin [4] provides a very short proof of equivalence of
AM-GM inequality and CBS inequality. Li Yongtao, Gu Xian-Ming and Zhao
Jianxing [3] give proofs of mathematical equivalence among the weighted AM-
GM inequality, the weighted power-mean inequality and Holder inequality. In this
paper, a general method is presented of proving inequalities of Cauchy-Hé6lder-
Carlson type using AM-GM inequality. Also, some examples of application of
these classical inequalities are given.

LEMMA (AM-GM INEQUALITY). Assume that n is a natural number. Then
for arbitrary nonnegative numbers x1, x2, ..., Ty, the following inequality holds

(1)
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More generally, if 0 < 2; € R and 0 < a; € R (i = 1,2,...,n) are such that
S a; =1, then

(2) ﬁxf" < Zn:aixi.
i=1

i=1

2. Main results

THEOREM 1. (CBS INEQUALITY) Let x1,x2,...,%, and y1,Y2, ..., Yn be real
numbers. Then

EAEA > (S

The equality holds if and only if no_f_  _In
Y1 Y2 Yn

Proof. The inequality (3) is equivalent to

Because of ‘Z?:l TiYi

< |z1ya| + |z2y2| + - - - + |2 yn|, we only need to prove that

2 2 2
Y1 Lo Y2
n : n 9 + n 9 ' n 9 +
Z Z yz Z xi Z y’L
=1 =1 =1 =1
1 1| a3 y3 1| 22 Y2
<3 S +§ o 2+n ; +ootg ,L"2+n—"2 =1.
i=1 i=1 i=1 i=1 i=1 i=1

THEOREM 2. (CAUCHY INEQUALITY FOR INTEGRALS) If f,g: [a,b] — R are

integrable then
b Lo :
(@ o < | [ P@ad] | [ ¢@ad”

with equality if and only if f and g are proportional a.e.
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More generally, let a < b and let fj(z) # 0 (j = 1,2,...,m) be real and
integrable functions defined on [a,b]. Then

mo b
(5) | f5(2)] dx < |f (@)™ da.
(1 I/

Proof. The inequality (4) is equivalent to

[ereal [pegal ==

By applying (2), we get

[rreal lEmma) »

b 2 2
1 1
o < e . e Y
a L2 [ () da 2 [ 9%(x) dx
That is, we have proved the inequality (4).
Similarly, the inequality (5) can be proved. m
THEOREM 3. (HOLDER INEQUALITY) Let 21,2, ...,2, and y1,Y2, ..., Yn be
positive real numbers. Suppose that p > 1 and q > 1 satisfy — + — = 1. Then,
P q
() >wwi< (3 ) (z y)
i=1 i=1
Let z;5 > 0 for 1 < i < n, lgj\mandij7 1P b=, with p; > 1 for
i=12,...,m. Then
@ znwgrmzw)
=1 j=1 Jj=1

More generally, let z;; > 0, a;,8; > 0 (i = 1,2,...,n;j = 1,2,...,m),
ijl B; = 1. Then,

m o, n B, n mo
(8) H(;alﬂc”> >;a1<H:ﬂzﬁj)

The equality holds if and only if xij, = 0 for some jo € {1,2,...,m} and all
1€{1,2,...,n}, or

ta e o Tm o ieq1,2,... ).

DT ) T > Qi

i=1 i=1 i=1
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p

-

(2

1

Proof. The given inequality (6) is equivalent to
1

<$1

1 q 1 P 1
p q X
zy >yl
=1

n
A
i=1

By using (2), we get

p
<I1

n
PEA
i=1

We have proved the inequality (6).

The given inequality (7) is equivalent to
1

1 1
P1 e P2 o Pm
211 P 13 b2 Lim | Pm
- P +
D2
> Ti
i=1

D
i=

K

By using (2), we get

We have proved the inequality (7).
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N op
1
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1 2P 1 a 1 P
<= 1 - nyl 4eg = n
p p g q p D
> T > Y >
=1 =1 i=1
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R L1 P Lo b2 . Thm,
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1
> T
=1
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=1
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1=1
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i=1
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Dm
T3 1 =,
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m n B;
When [] (Z aixij> = 0, then there must exist jo € {1,2,...,m} with
j=1\Ni=1

xij, =0, for i =1,2,...,n. In this case the equality in (8) obviously holds.

m n B
When [] (Z aimij) S 0, by applying (2), we get

j=1\i=1

7j=1 “=1 =1
n
n m 6 ) m Z am]
gzalz n]xlj _ ﬁ]lzl -1
i=1  j=1 ) oy j=1 G T45
=1 i=1

In this case, the equality holds if an only if

Ti1 T2 Lim ;
_ =...=_"" _ iec{l,2,...,n}.

n — n
YTy o
=1 1=1

Thus, we have proved the inequality (8). m

THEOREM 4. (HOLDER INEQUALITY FOR INTEGRALS) Let w, f,g: D — R be
integrable functions on a finite interval D C R. Then,

O [ s@geu@ans| [ |f<:c>|pw<w>dm]’1’[ / |g<x>|qw<x>dx];,

1 1
where 1 <p < oo and — + — = 1.
p q

More generally, suppose that o, 3,...,\ are positive real numbers satisfying
a+B+---+AX=1. Then,

(10) /: g7 M de < (LIQfdx>a</:2gdx)5(/:2hdx>k7

under the condition that f,g,...,h are positive real integrable functions defined on
the finite interval [x1, z3].

Proof. The given inequality (9) is equivalent to

b 1
/D {ID |§(S|%2> dz] ’ { T g(%g dl} Ydr <1

Since
e

</, {JD 'éiii'éiiiii dw] ; {JD éiii'ii‘éiii dx} "
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we only need to prove that

Abﬁ@ﬁﬁmf{gwm@ fm<1

By using (2), we get

L] (] «

|
U @Pee) 1 @)
<AL‘5ﬂmmmwf% hmmwmde
1l @Pu@ds 1 Jple@)ltu@dz 1 1
b [ [ f@Pw@)dz g [, lg@|w@)ds  p

Thus, we have proved the inequality (9).
The inequality (10) can be proved in a similar way. m

THEOREM 5. (CARLSON INEQUALITY) Let z;; >0 for 1 <i<n,1<j<n
1

1 n n -
and A; = - ;xij, G; = (H :Eij)n. Then,

Jj=1

n

More generally, if x;; =20, pj,q; >0 fori=1,2,...,n, j=1,2,...,m, and
(Xl = 1) (X7 ¢ — 1) >0, then,

(12) (X)X all

j=1 Ni=1 i=1 =1

The equality holds if and only if x;ij, = 0 for some jo € {1,2,...,m} and all
1=1,2,...,n, orzy;lpj —1and Tl = Tu2 _ . _ m7i1,i2 €{1,2,...,n}.
Lzl Tiy2 Ligm

Proof. The given inequality (11) is equivalent to

Gi+Gat - +Gy
<n
n\/ A1A2 o 'An

Hence. we only need to prove the following inequality

n n n
o I 2y o T @2 [ 2n;
i=1 N i=1 i=1
A1Ay - Ay A1Asy--- Ay A1Asy--- Ay
T11 Ti12 Tin Tan Tnl Tn2 Tnn
A A Ay Ay A A A,
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By using (1), we get

n T11 % . xln +n T21 @ . m2n +n Tni xn2 . .’Ifﬂ
A1 Aq An A1 Aq An A1 A2 A,
1z 212 Sﬁln) 1 ($21 T22 Jﬁzn) 1 (%u Tp2 33nn>
P T ORI BT (2 et I M LA D In2 Lnn
n(A1+A2+ 4, A A, T, A A, T,
=n.

Thus, we have proved the inequality (11).

Pj
When H (Z qzxm) = 0, then there must exist jo € {1,2,...,m} such that
j=1

x5, =0 for all ¢ = 1,2,...,n. In this case, equality in (12) obviously holds.

P;
When H (Z qlx”) > 0, by applying (2) and the condition

Jj=1
(Z;”:l pj—1) (Zj:l qj —1) >0, we get
n l’rr_’LI p ’pj m
qi $1]7 n m D; n m Zp Z pPj
i=1 =1 T T 2.Pi | o
e (S A o (S
H (Z qlx’bj) =1 j=1 Z qiTij i=1 J=1 Z qiTij
=1 “=1 =1 =1
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=
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|—|
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<
Il
—
<.
Il
—

=1.
Thus, we have proved the inequality (12). m

THEOREM 6. (CARLSON INEQUALITY FOR INTEGRALS) If ¢(z) and f;(z), j =

1,2,...,n, are integrable functions on [a,b], f; lg(z)dr <1, p; >0, 330 p; < 1
then,

(13) ﬁ( / la(e) (@) da:) > / la(@)| f[ (@) da.

Proof. The given inequality (13) is equivalent to
\Q($)|I1|f3($ﬂpj

b :
/ dzr

]:1(J'Iq Idw)

:/b[f )l lfr(a )||dxrl[f||qq< o)l |fala fd][f|qu< )| fn(a |>dm e

<1
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By using (2), we get

/b{fm; )|fl()|)dxrl{f|(|]q( )| fa(e M Mz; )| |fm(x ?lermda:
</b[ Ja( )||f1 D, >\|f2< I |q< )llfm( )| }dw

f lq(x) f1(z)| dz f lq(x) f2(x)| dx "2 (@) fon ()| dae
<1

Thus, we have proved the inequality (13). m

3. Examples and applications

ExXAMPLE 1. Let ay,...,a,; b1,...,bn; C1,...,Cpn; dy, ..., dy, be four sequences
of positive real numbers. Prove the inequality.

(a7 4o ap)(by -+ by)(er+ -+ )+ 4 dy)
> (a1bic1dy + agbacads + agbscsds + a4b4C4d4)4-
Proof. Put m =n =4, p; = p2 = p3 = ps — 4 in inequality (7).

EXAMPLE 2. Let aq,...,a,; b1,...,bn; c1,...,c, be three sequences of posi-
tive real numbers. Prove the inequality

n 4
1) (Soemer) < () (3) ()
k=1 k=1 k=1
Proof. The inequality (14) is equivalent to

éakbkck<<i ) (Zb4)

k=1

W=

5

k=

H
\—/
Ll

That is, we only need to prove that

1 1 1
- arbrcr - ai \2(/ bf \4[/ ¢t \*
Z 1 1 1= Z Zn: ; i » i . <1
=1 [ 2/ n i/ n 1 k=1 a c

<Z ai) (kzl bi) (Z Ci) k=1 b k=1 k k=1 k

k=1 k=1

Using (2), we get

1 1 o,
() () (&) e xfpah ] 1
k=1 a? > bf >t k=1 > ag > by > ch

k=1 k=1 k=1 k=1 k=1 k=1

Thus, we have proved the inequality (14).
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EXAMPLE 3. Let «, 8 be positive rational numbers, where a + § = 1. Prove

that for any positive numbers ay,as, ..., a,; b1,b2,...,b,, the following inequality
holds:

afb +ag - 4 a%hl < (a1 4 ag+ -+ an)(by + by + -+ b))
Proof. We can prove this inequality by putting =¥ = a;, y + 9 = b;, i =

1

1,2,...,n. — =a, — = [ in inequality (6).

"q
ExXAMPLE 4. Let aj,as9,...,a, be n positive numbers, and let g be their
geometric mean. Prove that

(15) (I+a)(l+az)- (I4an) = (1+g)"
Proof. The inequality (15) is equivalent to

1+ Yajas---a, < {/(1+a1)(1+a2)~--(1+an).

Hence, we only need to prove that
A S S
1+a; 14 as 1+a, 1+a1 1+as 1+a,
Using (1), we get
7\1/ 1 1 1 L aj as an,
1+a; 14 as 1+a, 1+a1 1+as 1+a,

<1( LR )+l( o) o
“n\l+a; 1+4as 14 ay n\l4+a; 1+as 1+a,’/

Thus, we have proved the inequality (15). m

EXAMPLE 5. Let a1, as, ..., ap; by, ba, ..., bp; ... Uy, 1o, oo, 1, be k
sequences of positive numbers. Then the following inequality holds:

(/ala2...an+ {/blbz---bn—i—---—i— Vil -1,

< V(a1 +bi+-+h)(ag+ba+ -+ 1o) - (an + by + -+ 1)

Proof. We can prove this inequality by putting the following in inequality (7):
m=n,p;=n,j=12,...,n;a1 =27, b1 =25, ... i =x}; a2 =]y, by = T,
oo =alg an =2, by =28, ... Ly =12},
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