
THE TEACHING OF MATHEMATICS

2024, Vol. XXVII, No. 1, pp. 1–14

DOI: 10.57016/TM-PVJD7224

THE LIMIT OF THE INCREMENTS OF THE HÖLDER MEANS
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Abstract. We call a sequence of real numbers, {an}n≥1, an asymptotically
arithmetic sequence, if its increment an+1−an approaches a real number d, as n →∞.
For each p ∈ [−∞,∞], we compute the limit of the increment Hp(a1, . . . , an, an+1)−
Hp(a1, . . . , an), of the p-Hölder mean sequence, {Hp(a1, . . . , an)}n≥1, of an asymp-
totically arithmetic sequence {an}n≥1, with positive terms. Moreover, for p ≤ −1,
we not only show that this limit is 0, but we also compute the rate with which the
increment approaches zero.
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1. Introduction

It is known that given two sequences of reals numbers {an}n≥1 and {bn}n≥1,
such that 0 < b1 < b2 < · · · and bn →∞, as n →∞, we have

(1.1) lim inf
n→∞

an+1 − an

bn+1 − bn
≤ lim inf

n→∞
an

bn
≤ lim sup

n→∞
an

bn
≤ lim sup

n→∞
an+1 − an

bn+1 − bn
.

As a corollary of this inequality, we obtain the following Stolz-Cesàro theorem.

Theorem 1.1. Let {an}n≥1 be a sequence of real numbers, and {bn}n≥1 an
increasing sequence of real numbers tending to ∞, as n → ∞. If the limit of the
ratio of their increments

lim
n→∞

an+1 − an

bn+1 − bn
= l,

exists in R := R∪{−∞,∞}, then the limit limn→∞ an/bn also exists in R, and we
have

lim
n→∞

an

bn
= l.

If one takes, for all n ≥ 1, an := ln(An) and bn := n, where {An}n≥1 is an
arbitrary sequence of positive real numbers, then inequality (1.1) is equivalent to

(1.2) lim inf
n→∞

An+1

An
≤ lim inf

n→∞
n
√

An ≤ lim sup
n→∞

n
√

An ≤ lim sup
n→∞

An+1

An
.

As a corollary of this inequality, we obtain the following D’Alembert theorem.



2 D. Mărghidanu, A. I. Stan

Theorem 1.2. Let {An}n≥1 be an arbitrary sequence of positive real numbers.
If the limit of the ratio of the consecutive terms

lim
n→∞

An+1

An
= l,

exists in [0,∞], then the limit limn→∞ n
√

An also exists in [0,∞], and we have

lim
n→∞

n
√

An = l.

A classical application of D’Alembert theorem is the following limit

(1.3) lim
n→∞

n
√

n!
n

=
1
e
.

The reciprocals of the Stolz-Cesàro theorem and D’Alembert theorem do not hold
in general.

Starting from the well-known limit (1.3), we can try to go backwards, and
assuming that the reciprocal of Stolz-Cesàro theorem holds for an := n

√
n! and bn :=

n, for all n ≥ 1, we may ask whether the sequence {(an+1 − an)/(bn+1 − bn)}n≥1

converges to 1/e. This sequence is

an+1 − an

bn+1 − bn
= n+1

√
(n + 1)!− n

√
n!,

for all n ≥ 1. T. Lalescu proved that, in this particular case, the reciprocal of
Stolz-Cesàro theorem holds and we have

lim
n→∞

(
n+1

√
(n + 1)!− n

√
n!

)
=

1
e
.

Since then, the sequence

Ln := n+1
√

(n + 1)!− n
√

n!,

for all n ≥ 1, has been called the Lalescu sequence.
Starting from the observation that, for all n ≥ 1,

n
√

n! = n
√

1 · 2 · · ·n = n
√

a1 · a2 · · · an,

where {ak}k≥1 := {k}k≥1 forms an arithmetic sequence with the common difference
ak+1 − ak = k + 1− k = 1, we generalize this problem in two ways.

First, we consider an “asymptotically arithmetic sequence of positive limit
difference d”, that means a sequence with (strictly) positive terms, {an}n≥1, such
that there exists

lim
n→∞

(an+1 − an) = d > 0,

and compute the limit

(1.4) lim
n→∞

( n+1
√

a1 · · · an · an+1 − n
√

a1 · a2 · · · an) .
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Second, observing that, for all n ≥ 1, n
√

a1 · a2 · · · an is the geometric mean of the
positive numbers a1, a2, . . . , an, and the geometric mean is the 0-Hölder mean
H0(a1, a2, . . . , an) of the same numbers, for all p ∈ [−∞, ∞], we compute

(1.5) lim
n→∞

[Hp (a1, . . . , an, an+1)−Hp (a1, a2, . . . , an)] ,

where Hp(a1, a2, . . . , an) denotes the p-Hölder mean of the positive numbers a1,
a2, . . . , an, for all n ≥ 1.

We are not the first people to consider this problem. The limit (1.5) was
already computed, when p ∈ [0, ∞], in [1]. Our contribution consists in computing
this limit for p ∈ [−∞, 0), and in the case when p ∈ (−∞,−1], not only we will
see that this limit is 0, but we will also see how fast the increments of the Hölder
means are converging to 0.

The paper is structured as follows. In Section 2, we compute the limit (1.4),
and in Section 3, we calculate the limit (1.5), for all p ∈ [−∞,∞] \ {0}, for an
asymptotically arithmetic sequence of positive limit difference d.

2. The limit of the increment of the geometric mean sequence of
an asymptotically arithmetic sequence with positive terms

We have the following theorem.

Theorem 2.1. Let {an}n≥1 be a sequence of positive numbers such that the
sequence {an+1−an}n≥1 is convergent and d := limn→∞(an+1−an) > 0. Then we
have

lim
n→∞

( n+1
√

a1a2 · · · an+1 − n
√

a1a2 · · · an) =
d

e
.

Proof. Since limn→∞(an+1 − an) = d, it follows from Stolz-Cesàro theorem
that

lim
n→∞

an

n
= lim

n→∞
an+1 − an

(n + 1)− n
= d.

Since d > 0, we have

lim
n→∞

an = lim
n→∞

an

n
· lim

n→∞
n = d · ∞ = ∞.

Using D’Alembert theorem we have

lim
n→∞

n
√

a1a2 · · · an

an
= lim

n→∞
n

√
a1a2 · · · an

an
n

(2.1)

= lim
n→∞

[(
a1a2 · · · anan+1

an+1
n+1

)
/

(
a1a2 · · · an

an
n

)]

= lim
n→∞

(
an

an+1

)n

= 1/

[
lim

n→∞

(
an+1

an

)n]
.
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Let us observe that

lim
n→∞

an+1

an
= lim

n→∞

(
1 +

an+1 − an

an

)
= 1 +

d

∞ = 1.

The limit from the denominator of the fraction from equation (2.1) is a 1∞ limit.
We have

lim
n→∞

n
√

a1a2 · · · an

an
=

1

lim
n→∞

[(
1 + an+1−an

an

) an
an+1−an

]n(an+1−an)
an

=
1

[
lim

n→∞

(
1 + an+1−an

an

) an
an+1−an

](
lim

n→∞
n

an

)
lim

n→∞
(an+1−an)

=
1

e
1
d ·d

=
1
e
,

since (an+1 − an)/an → d/∞ = 0, as n →∞, and limx→0(1 + x)1/x = e. We have

lim
n→∞

( n+1
√

a1a2 · · · an+1 − n
√

a1a2 · · · an)

= lim
n→∞

n+1
√

a1a2 · · · an+1


1− (a1a2 · · · an)

1
n− 1

n+1

a
1

n+1
n+1


.

Thus, since (1/n)− 1/(n + 1) = 1/[n(n + 1)], we obtain

lim
n→∞

( n+1
√

a1a2 · · · an+1 − n
√

a1a2 · · · an)

=
[

lim
n→∞

n+1
√

a1a2 · · · an+1

an+1

]
·
[

lim
n→∞

an+1

n + 1

]

× lim
n→∞

{
(n + 1)

[
1−

(
n
√

a1a2 · · · an

an+1

) 1
n+1

]}

=
1
e
· d · lim

n→∞




1−
(

n
√

a1a2···an

an+1

) 1
n+1

1
n+1


 =

d

e
· lim

n→∞
1− y

1
n+1
n

1
n+1

,

where

yn :=
n
√

a1a2 · · · an

an+1
=

n
√

a1a2 · · · an

an
· an

n
· n + 1

an+1
· n

n + 1

→ 1
e
· d · 1

d
· 1 =

1
e
.

Let xn := ln(yn)/(n + 1) → 0, as n →∞. We have

lim
n→∞

( n+1
√

a1a2 · · · an+1 − n
√

a1a2 · · · an) =
d

e
· lim

n→∞
1− y

1
n+1
n

1
n+1
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=
d

e
· lim

n→∞
1− e

ln(yn)
n+1

ln(yn)
n+1

· lim
n→∞

ln(yn) =
d

e
· lim

n→∞
1− exn

xn
· ln

(
1
e

)

=
d

e
· lim

n→∞
1− exn

xn
· (−1) =

d

e
· lim

n→∞
exn − 1

xn

=
d

e
· lim

n→∞
exn − e0

xn − 0
=

d

e
· f ′(0),

where f(x) := ex. Since f ′(0) = 1, we conclude that

lim
n→∞

( n+1
√

a1a2 · · · an+1 − n
√

a1a2 · · · an) =
d

e
.

3. The limit of the increment of the Hölder mean sequence of
an asymptotically arithmetic sequence with positive terms

In this section we show that the sequence of the p-Hölder means, of an asymp-
totically arithmetic sequence with positive terms of positive limit difference d, con-
verges to d[(1 + p)+]−1/p, for all p ∈ [−∞,∞] \ {0}, where x+ := max{x, 0}, for
any real number x. For any positive numbers x1, x2, . . . , xn, and for any number
p ∈ [−∞,∞], we define

Hp (x1, x2, . . . , xn)

=





(
xp
1+xp

2+···+xp
n

n

)1/p

, if p ∈ R \ {0},

lim
p→0

(
xp
1+xp

2+···+xp
n

n

)1/p

= n
√

x1x2 · · ·xn, if p = 0,

lim
p→∞

(
xp
1+xp

2+···+xp
n

n

)1/p

= max{x1, x2, . . . , xn}, if p = ∞,

lim
p→−∞

(
xp
1+xp

2+···+xp
n

n

)1/p

= min{x1, x2, . . . , xn}, if p = −∞,

and call Hp (x1, x2, . . . , xn) the p-Hölder mean of x1, x2, . . . , xn.
We have the following theorem.

Theorem 3.1. Let {an}n≥1 be a sequence of positive numbers such that the
sequence {an+1 − an}n≥1 is convergent and d := limn→∞(an+1 − an) > 0. Then,
we have

lim
n→∞

[Hp (a1, . . . , an, an+1)−Hp (a1, a2, . . . , an)]
(3.1)

=





d
(1+p)1/p , if p ∈ (−1,∞) \ {0},
d
e , if p = 0,

d, if p = ∞,

0, if p ∈ [−∞,−1].
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Moreover, we have

lim
n→∞

{ln(n) [H−1 (a1, . . . , an, an+1)−H−1 (a1, a2, . . . , an)]} = d,

and for all −∞ < p < −1, we have

lim
n→∞

{n1+(1/p) [Hp (a1, . . . , an, an+1)−Hp (a1, a2, . . . , an)]} =
1

q‖{1/an}‖q
,

where q := −p and ‖{1/an}‖q is the lq-norm of the sequence {1/an}n≥1, defined as

‖{1/an}‖q :=
[ ∞∑

n=1

1
aq

n

]1/q

.

Proof. We have already proven formula (3.1) for p = 0 in the previous section,
and so we may assume that p 6= 0. We distinguish between five cases:

Case 1. If p = ∞, then since limn→∞(an+1 − an) = d > 0, there exists
N1 ∈ N, such that for all n ≥ N1, we have an+1 − an > 0, which means aN1 <
aN1+1 < aN1+2 < · · · . Since limn→∞ an = ∞, there exists N2 ∈ N, N2 ≥ N1, such
that, for all n ≥ N2, we have

an > max{a1, a2, . . . , aN1}.
Therefore, for all n ≥ N2, we have

H∞ (a1, a2, . . . , an) = max{a1, a2, . . . , an} = an.

Thus, we have

lim
n→∞

[H∞ (a1, . . . , an, an+1)−H∞ (a1, a2, . . . , an)] = lim
n→∞

(an+1 − an) = d.

Case 2. If p ∈ (−1,∞) \ {0}, then the sequence {np+1}n≥1 increases and
tends to +∞, as n →∞. This allows us to apply Stolz-Cesàro theorem and obtain

lim
n→∞

Hp
p (a1, a2, . . . , ap)

np
= lim

n→∞
ap
1 + ap

2 + · · ·+ ap
n

np+1

(3.2)

= lim
n→∞

(ap
1 + · · ·+ ap

n + ap
n+1)− (ap

1 + ap
2 + · · ·+ ap

n)
(n + 1)p+1 − np+1

= lim
n→∞

ap
n+1

(n + 1)p
· lim

n→∞
(n + 1)p

(n + 1)p+1 − np+1
.

For each n ≥ 1, applying Lagrange Mean Value theorem to the function f(x) = xp+1

on the interval [n, n + 1], we conclude that there exists a number cn ∈ (n, n + 1),
such that

(n + 1)p+1 − np+1

n + 1− n
= (p + 1)cp

n.
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Thus formula (3.2) becomes

(3.3) lim
n→∞

Hp
p (a1, a2, . . . , ap)

np
= lim

n→∞
ap

n+1

(n + 1)p
· lim

n→∞
(n + 1)p

(n + 1)p+1 − np+1

=
[

lim
n→∞

an+1

n + 1

]p

· lim
n→∞

(n + 1)p

(p + 1)cp
n

= dp · 1
p + 1

[
lim

n→∞
n + 1

cn

]p

= dp · 1
p + 1

· 1p =
dp

p + 1
,

since we saw in the previous section that limn→∞(an/n) = d, and for all n ≥ 1 we
have

n + 1
n + 1

<
n + 1

cn
<

n + 1
n

,

and so, by the Squeeze theorem, it follows that limn→∞[(n + 1)/cn] = 1.

Using the same number N2 as in the previous case, which has the property
that for all n ≥ N2, we have an+1 > max{a1, a2, . . . , an}, we conclude that, for all
n ≥ N2:

• if 0 < p < ∞, then

ap
1 + · · ·+ ap

n + ap
n+1

n + 1
>

ap
1 + ap

2 + · · ·+ ap
n

n
⇐⇒ Hp

p (a1, . . . , an, an+1) > Hp
p (a1, a2, . . . , an) .

• if −1 < p < 0, then

ap
1 + · · ·+ ap

n + ap
n+1

n + 1
<

ap
1 + ap

2 + · · ·+ ap
n

n
⇐⇒ Hp

p (a1, . . . , an, an+1) < Hp
p (a1, a2, . . . , an) .

To shorten the notation, we will define, for all n ≥ 1,

Hp,n := Hp (a1, a2, . . . , an) .

Thus, for all n ≥ N2, applying the Lagrange Mean Value theorem to the function
g(x) = x1/p on the interval [Hp

p,n,Hp
p,n+1], if p > 0, or on the interval [Hp

p,n+1,H
p
p,n],

if p < 0, we conclude that there exists a number ξn strictly in between Hp
p,n and

Hp
p,n+1, such that

Hp,n+1 −Hp,n =
1
p
ξ(1−p)/p
n

[
Hp

p,n+1 −Hp
p,n

]

⇐⇒ Hp,n+1 −Hp,n =
1
p
·
[(

ξn

np

)(1−p)/p

· Hp
p,n+1 −Hp

p,n

np−1

]
.
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Therefore, we have

lim
n→∞

[Hp,n+1 −Hp,n]
(3.4)

=
1
p
· lim

n→∞

[(
ξn

np

)](1−p)/p

· lim
n→∞

ap
1+···+ap

n+ap
n+1

n+1 − ap
1+ap

2+···+ap
n

n

np−1

=
1
p
· lim

n→∞

[(
ξn

np

)](1−p)/p

· lim
n→∞

nap
n+1 − (ap

1 + · · ·+ ap
n)

np(n + 1)

=
1
p
· lim

n→∞

[(
ξn

np

)](1−p)/p

· lim
n→∞

nap
n+1 − (ap

1 + · · ·+ ap
n)

np+1
· lim

n→∞
n

n + 1

=
1
p
·
[

dp

p + 1

](1−p)/p

· lim
n→∞

nap
n+1 − (ap

1 + · · ·+ ap
n)

np+1
· 1

=
d1−p

p(1 + p)(1−p)/p
· lim

n→∞
nap

n+1 − (ap
1 + · · ·+ ap

n)
np+1

.

since limn→∞(ξn/np) = dp/(p + 1) as it will be explained below.
The fraction ξn/np is in between the numbers Hp

p,n/np and Hp
p,n+1/np =

Hp
p,n+1/(n+1)p·[(n+1)/n]p, and since we know, from formula (3.3), that Hp

p,n/np →
dp/(p+1), as n →∞, it follows from the Squeeze theorem that ξn/np → dp/(p+1),
as n →∞.

Since p + 1 > 0, the sequence {np+1}n≥1 is increasing and tending to +∞,
as n → ∞. Thus, we can apply Stolz-Cesàro theorem and using formula (3.4), we
obtain

lim
n→∞

[Hp,n+1 −Hp,n]

=
d1−p

p(1 + p)(1−p)/p
· lim

n→∞
nap

n+1 − (ap
1 + · · ·+ ap

n)
np+1

=
d1−p

p(1 + p)(1−p)/p

× lim
n→∞

[(n + 1)ap
n+2 − (ap

1 + · · ·+ ap
n + ap

n+1)]− [nap
n+1 − (ap

1 + · · ·+ ap
n)]

(n + 1)p+1 − np+1

=
d1−p

p(1 + p)(1−p)/p
· lim

n→∞
(n + 1)(ap

n+2 − ap
n+1)

(p + 1)cp
n

,

for some cn ∈ (n, n + 1).
Finally, applying the Lagrange Mean Value theorem to the function h(x) = xp

on the interval [an, an+1], for each n ≥ N2, there exists ηn ∈ (an, an+1), such that

ap
n+1 − ap

n = pηp−1
n (an+1 − an) .

Thus, we obtain

lim
n→∞

[Hp,n+1 −Hp,n] =
d1−p

p(1 + p)(1−p)/p
· lim

n→∞
(n + 1)pηp−1

n (an+1 − an)
(p + 1)cp

n
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=
d1−p

(1 + p)1/p
· lim

n→∞

{
n + 1

cn
·
[
ηn

cn

]p−1

· (an+1 − an)

}

=
d1−p

(1 + p)1/p
· lim

n→∞
n + 1

cn
·
[

lim
n→∞

ηn

cn

]p−1

· lim
n→∞

(an+1 − an)

=
d1−p

(1 + p)1/p
· 1 · dp−1 · d =

d

(1 + p)1/p
.

Here, we used the fact that limn→∞
ηn

cn
= d, due to the fact that an < ηn < an+1

and n < cn < n + 1, and so we have
an

n + 1
<

ηn

cn
<

an+1

n
,

from which, since an/n → d, as n →∞, we conclude that ηn/cn → d, as n →∞.
Case 3. If p = −1, then

H−1 (a1, a2, . . . , an) =
n

1
a1

+ 1
a2

+ · · ·+ 1
an

is the harmonic mean of the numbers a1, a2, . . . , an. Using the same short notation
H−1,n for H−1(a1, a2, . . . , an), for all n ≥ 1, we have

H−1,n+1 −H−1,n =
n + 1

1
a1

+ · · ·+ 1
an

+ 1
an+1

− n
1
a1

+ 1
a2

+ · · ·+ 1
an

(3.5)

=
1
a1

+ 1
a2

+ · · ·+ 1
an
− n

an+1(
1
a1

+ 1
a2

+ · · ·+ 1
an

)(
1
a1

+ · · ·+ 1
an

+ 1
an+1

)

=
1

1
a1

+ · · ·+ 1
an

+ 1
an+1

−
n

an+1(
1
a1

+ 1
a2

+ · · ·+ 1
an

)(
1
a1

+ · · ·+ 1
an

+ 1
an+1

) .

Applying the Limit Comparison Test to the series with positive terms
∑∞

n=1 1/an

and
∑∞

n=1 1/n, since

lim
n→∞

1/an

1/n
= lim

n→∞
n

an
=

1
d
∈ (0,∞)

and the series
∑∞

n=1 1/n is divergent, we conclude that the series
∑∞

n=1 1/an is also
divergent. Thus, using formula (3.5) we have

lim
n→∞

(H−1,n+1 −H−1,n) = lim
n→∞

1
1
a1

+ · · ·+ 1
an

+ 1
an+1

−
limn→∞ n

an+1

limn→∞
[(

1
a1

+ 1
a2

+ · · ·+ 1
an

)(
1
a1

+ · · ·+ 1
an

+ 1
an+1

)]

=
1
∞ − 1/d

∞ ·∞ = 0.
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Moreover, using the Stolz-Cesàro theorem we have

lim
n→∞

1
a1

+ 1
a2

+ · · ·+ 1
an

ln(n)
= lim

n→∞

(
1
a1

+ · · ·+ 1
an

+ 1
an+1

)
−

(
1
a1

+ 1
a2

+ · · ·+ 1
an

)

ln(n + 1)− ln(n)

= lim
n→∞

1
ln(1 + (1/n)) · an+1

= lim
n→∞

[
1

n ln(1 + (1/n))

]
· lim

n→∞
n

n + 1
· lim

n→∞
n + 1
an+1

=
1

limn→∞ ln ((1 + (1/n))n)
· 1 · 1

d
=

1
ln(e)

· 1
d

=
1
d
.

Hence, using formula (3.5), we have

lim
n→∞

[ln(n) · (H−1,n+1 −H−1,n)]

= lim
n→∞

ln(n)
1
a1

+ · · ·+ 1
an

+ 1
an+1

· lim
n→∞

[(
1
a1

+ · · ·+ 1
an

+
1

an+1

)
(H−1,n+1 −H−1,n)

]

= d · lim
n→∞

{(
1
a1

+ · · ·+ 1
an

+
1

an+1

)
·
[

1
1
a1

+ · · ·+ 1
an

+ 1
an+1

−
n

an+1(
1
a1

+ 1
a2

+ · · ·+ 1
an

)(
1
a1

+ · · ·+ 1
an

+ 1
an+1

)







= d · lim
n→∞

(
1−

n
an+1

1
a1

+ 1
a2

+ · · ·+ 1
an

)
= d ·

(
1− 1/d

∞
)

= d.

Thus, H−1,n+1 −H−1,n approaches 0 in the same the way that d/ ln(n) goes to 0,
as n →∞.

Case 4. If −∞ < p < −1, then let us define q := −p > 1. We have

Hp,n+1 −Hp,n =
(

ap
1 + · · ·+ ap

n + ap
n+1

n + 1

)1/p

−
(

ap
1 + ap

2 + · · ·+ ap
n

n

)1/p

(3.6)

=
(n + 1)1/q

(
1
aq
1

+ · · ·+ 1
aq

n
+ 1

aq
n+1

)1/q
− n1/q

(
1
aq
1

+ 1
aq
2

+ · · ·+ 1
aq

n

)1/q

=
(n + 1)1/q

[∑n
k=1

1
aq

k

]1/q

− n1/q
[∑n+1

k=1
1

aq
k

]1/q

[∑n
k=1

1
aq

k

]1/q

·
[∑n+1

k=1
1

aq
k

]1/q

=

[
(n + 1)1/q − n1/q

] [∑n
k=1

1
aq

k

]1/q

− n1/q

{[∑n+1
k=1

1
aq

k

]1/q

−
[∑n

k=1
1

aq
k

]1/q
}

[∑n
k=1

1
aq

k

]1/q

·
[∑n+1

k=1
1

aq
k

]1/q
.

For each n ≥ 1, applying Lagrange Mean Value theorem to the function f(x) = x1/q

on the intervals [n, n + 1] and [
∑n

k=1
1

aq
k

,
∑n+1

k=1
1

aq
k

], there exist cn ∈ (n, n + 1) and
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αn ∈ (
∑n

k=1
1

aq
k

,
∑n+1

k=1
1

aq
k

), such that

(n + 1)1/q − n1/q =
1
q
c(1−q)/q
n

and [n+1∑

k=1

1
aq

k

]1/q

−
[ n∑

k=1

1
aq

k

]1/q

=
1
q
α(1−q)/q

n

1
aq

n+1

.

Substituting the last two formulas into formula (3.6), we obtain

Hp,n+1 −Hp,n =
(1/q)c(1−q)/q

n

[∑n
k=1

1
aq

k

]1/q

− n1/q(1/q)α(1−q)/q
n

1
aq

n+1[∑n
k=1

1
aq

k

]1/q [∑n+1
k=1

1
aq

k

]1/q

(3.7)

=
1
q
·
c
(1−q)/q
n

[∑n
k=1

1
aq

k

]1/q

− n(1/q)−qα
(1−q)/q
n

nq

aq
n+1[∑n

k=1
1

aq
k

]1/q [∑n+1
k=1

1
aq

k

]1/q
.

Since we have

lim
n→∞

1/aq
n

1/nq
=

(
lim

n→∞
n

an

)q

= 1/dq ∈ (0,∞),

and the series
∑∞

n=1(1/nq) converges (because q > 1),
∑∞

n=1(1/aq
n) converges, too.

Therefore, the sequence {1/an}n≥1 belongs to the lq-space.

Because for all n ≥ 1, n < cn < n+1, and (1− q)/q < 0, the Squeeze theorem
implies that c

(1−q)/q
n → 0, as n →∞. Also, because for all n ≥ 1,

∑n
k=1

1
aq

k

< αn <
∑n+1

k=1
1

aq
k

, the Squeeze theorem implies that αn →
∑∞

k=1
1

aq
k

= ‖{1/an}n≥1‖q
q, as

n → ∞. Passing to the limit, as n → ∞, in equation (3.7), since (1/q) − q <
(1/q)− 1 < 0, we obtain

lim
n→∞

[Hp (a1, . . . , an, an+1)−Hp (a1, a2, . . . , an)]

=
1
q
· 1

limn→∞
[∑n

k=1
1

aq
k

]1/q

· limn→∞
[∑n+1

k=1
1

aq
k

]1/q

×

 lim

n→∞
c(1−q)/q
n · lim

n→∞

[
n∑

k=1

1
aq

k

]1/q

− lim
n→∞

n(1/q)−q · lim
n→∞

α(1−q)/q
n · lim

n→∞
nq

aq
n+1




=
1
q
·
0 ·

[∑∞
k=1

1
aq

k

]1/q

− 0 ·
[∑∞

k=1
1

aq
k

](1−q)/q

· 1
dq

[∑∞
k=1

1
aq

k

]2/q
= 0.
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Moreover, we have

lim
n→∞

{
n1−(1/q) · [Hp (a1, . . . , an, an+1)−Hp (a1, a2, . . . , an)]

}

= lim
n→∞





n1−(1/q) · 1
q
·
c
(1−q)/q
n

[∑n
k=1

1
aq

k

]1/q

− n(1/q)−qα
(1−q)/q
n

nq

aq
n+1[∑n

k=1
1

aq
k

]1/q [∑n+1
k=1

1
aq

k

]1/q





=
1
q
· lim

n→∞





(cn/n)(1−q)/q
[∑n

k=1
1

aq
k

]1/q

− n1−qα
(1−q)/q
n

nq

aq
n+1[∑n

k=1
1

aq
k

]1/q [∑n+1
k=1

1
aq

k

]1/q





Each factor and term from the numerator and denominator of the last fraction has
a finite limit as n →∞. Thus, we have

lim
n→∞

{
n1−(1/q) · [Hp,n+1 −Hp,n]

}

=
1
q
· 1

limn→∞
[∑n

k=1
1

aq
k

]1/q

· limn→∞
[∑n+1

k=1
1

aq
k

]1/q

×
[

lim
n→∞

(cn/n)(1−q)/q · lim
n→∞

[ n∑

k=1

1
aq

k

]1/q

− lim
n→∞

n1−q · lim
n→∞

α(1−q)/q
n · lim

n→∞
nq

aq
n+1

]

=
1
q
·
1 ·

[∑∞
k=1

1
aq

k

]1/q

− 0 ·
[∑∞

k=1
1

aq
k

](1−q)/q

· 1
dq

[∑∞
k=1

1
aq

k

]2/q
=

1
q‖{1/an}n≥1‖q

,

since, for all n ≥ 1, we have n/n < cn/n < (n + 1)/n, and so cn/n → 1, as n →∞.

Thus, {Hp(a1, . . . , an, an+1) − Hp(a1, a2, . . . , an)}n≥1 converges to 0 like
{n(1/q)−1}n≥1.

Case 5. If p = −∞, then since an →∞, as n →∞, there exists N ∈ N, such
that aN = min{an | n ∈ N}. Thus, for all n ≥ N , we have

H−∞ (a1, . . . , an, an+1)−H−∞ (a1, a2, . . . , an) = aN − aN = 0.

Therefore, we have

lim
n→∞

[H−∞ (a1, . . . , an, an+1)−H−∞ (a1, a2, . . . , an)] = 0.

Corollary 3.2. Let {an}n≥1 be a sequence of positive numbers such that the
sequence {an+1 − an}n≥1 is convergent and d := limn→∞(an+1 − an) > 0. Then,

• For −1 < p ≤ ∞, we have

lim
n→∞

Hp(a1, a2, . . . , an)
n

=
d

(1 + p)1/p
,
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where for p = ∞, (1 + p)1/p := limr→∞(1 + r)1/r = 1, and for p = 0,
(1 + p)1/p := limr→0(1 + r)1/r = e.

• For p = −1, we have

lim
n→∞

ln(n) ·H−1(a1, a2, . . . , an)
n

= d.

• For −∞ < p < −1, defining q := −p, we have

lim
n→∞

{n1/p ·Hp(a1, a2, . . . , an)} =
1

‖{1/an}‖q
.

Proof. Indeed, using the Stolz-Cesàro theorem and the previous theorem:
• If p > −1, then we have

lim
n→∞

Hp(a1, a2, . . . , an)
n

= lim
n→∞

Hp(a1, . . . , an, an+1)−Hp(a1, a2, . . . , an)
n + 1− n

= lim
n→∞

[Hp (a1, . . . , an, an+1)−Hp (a1, a2, . . . , an)] =
d

(1 + p)1/p
.

• If p = −1, then we have

lim
n→∞

Hp(a1, a2, . . . , an)
n/ ln(n)

= lim
n→∞

Hp(a1, . . . , an, an+1)−Hp(a1, a2, . . . , an)
(n + 1)/ ln(n + 1)− n/ ln(n)

,

where here, in order to be allowed to apply the Stolz-Cesàro theorem, we need
to check that the sequence {n/ ln(n)}n≥N , is strictly increasing for some large
N . Indeed, the function f : (1, ∞) → R, defined by f(x) = x/ ln(x), has the
derivative

f ′(x) =
1 · ln(x)− x · (1/x)

ln2(x)
=

ln(x)− 1
ln2(x)

> 0,

for all x ∈ (e, ∞). Thus, we can see that {n/ ln(n)}n≥3 is strictly increasing.
Applying the Lagrange Mean Value theorem to the function f(x) = x/ ln(x),

on each interval [n, n + 1], for n ≥ 3, there exists rn ∈ (n, n + 1), such that

n + 1
ln(n + 1)

− n

ln(n)
=

ln(rn)− 1
ln2(rn)

.

Thus, we have

lim
n→∞

Hp(a1, a2, . . . , an)
n/ ln(n)

= lim
n→∞

Hp(a1, . . . , an, an+1)−Hp(a1, a2, . . . , an)
(n + 1)/ ln(n + 1)− n/ln(n)

= lim
n→∞

ln2(rn)[Hp(a1, . . . , an, an+1)−Hp(a1, a2, . . . , an)]
ln(rn)− 1

= lim
n→∞

{ln(n) · [Hp(a1, . . . , an, an+1)−Hp(a1, a2, . . . , an)]}

× lim
n→∞

ln(rn)
ln(n)

· lim
n→∞

ln(rn)
ln(rn)− 1

= d · 1 · 1 = d,

since n < rn < n + 1 for all n ≥ 3.
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• If −∞ < p < −1, then denoting q := −p > 1, and using the Stolz-Cesàro
theorem, we have

lim
n→∞

[
n1/p ·Hp(a1, a2, . . . , an)

]
= lim

n→∞
Hp(a1, a2, . . . , an)

n1/q

= lim
n→∞

Hp(a1, . . . , an, an+1)−Hp(a1, a2, . . . , an)
(n + 1)1/q − n1/q

.

Applying the Lagrange Mean Value theorem to f(x) = x1/q on each interval
[n, n + 1], for all n ∈ N, there exists cn ∈ (n, n + 1), such that

(n + 1)1/q − n1/q =
1
q
c(1/q)−1
n (n + 1− n) =

1
q
c−(1/p)−1
n .

Thus, using our theorem and the fact that cn/n → 1, as n →∞, we obtain

lim
n→∞

[
n1/p ·Hp(a1, a2, . . . , an)

]

= lim
n→∞

Hp(a1, . . . , an, an+1)−Hp(a1, a2, . . . , an)
(n + 1)1/q − n1/q

= lim
n→∞

Hp(a1, . . . , an, an+1)−Hp(a1, a2, . . . , an)

(1/q)c−(1/p)−1
n

= q lim
n→∞

{
n

1
p+1 [Hp(a1, . . . , an, an+1)−Hp(a1, a2, . . . , an)]

} · lim
n→∞

(cn

n

) 1
p+1

= q · 1
q‖{1/an}n≥1‖q

· 1
1
p+1 =

1
‖{1/an}n≥1‖q

.
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